By virtue of the technique of integration within an ordered product (IWOP) of operators and the bipartite entangled state representation we derive some new identities about operator Hermite polynomials in both single-and two-variable, we also find a binomial-like theorem between the single-variable Hermite polynomials and the two-variable Hermite polynomials. Application of these identities in deriving new integration formulas, but without really doing the integration in the usual sense, is demonstrated.
and
where : : denotes normal ordering, and X = (a + a † )/ √ 2 is the coordinate operator with a, a † = 1. These are very useful identities. For example, H n (X) operating on the vacuum state |0 yields H n (X) |0 = 2 n/2 a †n |0 = √ n!2 n |n ,
where |n = a †n / √ n! |0 is the number state, then using the coordinate eigenvector equation X |x = x |x , we immediately have the relation between x |n and x| 0 ,
Eq.(1) can provide some new integration formulas in a direct manner, for instance, from
we easily see
Further, using the technique of integration within an ordered product (IWOP) of operators [7] [8] [9] and the completeness relation of |x , dx |x x| = 
which respectively implies the integration formulas [10] (we have the result without really performing the integration in the usual sense)
and dx √ π e
Similarly, for the momentum representation's completeness relation dp |p p| = dp √ π : e
where P |p = p |p , and
, we have
It then follows
The above examples shows that re-ordering operator Hermite polynomials (including two-variable Hermite polynomials) together with the IWOP technique may work in concisely deriving some new operator identities and new integration formulas. In the following we shall proceed in this direction, and we also develop this method with the use of the entangled state representation.
To begin with, let us firstly point out a misleading, i.e., one might think that since H n (X) = 2 n : X n : , then H n (f X) = 2 n : (f X) n : , but this is wrong, because a, a † = 1 in X = (a + a † )/ √ 2, while a and a † are commutable in : X n : . In fact, from the generating function formula of Hermite polynomials
and the Baker-Hausdorff formula
as well as the property that Bose operators are permuted within : :, for f = 1 we have
Comparing the coefficients of t n on the two sides we obtain the following identity
Thus
which implies the integration formula[10]
so we obtain it without really doing the integration in the usual sense. 
On the other hand,
:
Comparing the t n terms in Eq. (21) and Eq. (22) we obtain a new operator Hermite polynomials identity
which is regarded as the extension of Eq.(1). This can also be derived by virtue of the entangled state representation.
Recall that the bipartite entanglement state representation |ξ is expressed as [11] |ξ = e
where |00 is the two-mode vacuum state, obeys the eigenvector equations
where
and the IWOP technique we can prove that |ξ is orthonormal and complete,
Based on Eqs.(26) and (27), using the integration formulas Eq. (9), we obtain
According to Eq.(23), considering the two-mode coordinate eigenvector' completeness relation dxdy |x, y x, y| = dxdy π : e
we have
which indicates the following new integration formula
Moreover, with the aid of the following sum of the Hermite polynomials [10] 
and using Eqs. (20) and (29), we obtain 
where we have used the summation formula 
